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Effective theory of color superconductivity 
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Department of Physics, Pusan National University, Busan, 609-735, South Korea 

■ We briefly review an effective theory of QCD at high baryon density, describing the 

' relevant modes near the Fermi surface. The high density effective theory has properties of 

f"**) I reparametrization invariance and gauge invariance, maintained in a subtle way. It also has 

, a positive measure, allowing lattice simulations at high baryon density. We then apply it to 

gapless superconductors and discuss recent proposals to resolve the magnetic instability of 
gapless superconductivity. 
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§1. Introduction 



Quantum Chromodynamics (QCD) is now the accepted theory of strong inter- 
Q^' actions, consistent with all experimental data. One of the salient features of QCD 

is that strong interactions become weaker and weaker at high energy or at short 
^j^' distances due to the chromomagnetic interaction of gluons, a phenomenon called 

i-^' "asymptotic freedom". The prediction of QCD on how the coupling depends on the 

scale has been well tested by numerous experiments. The logical consequence of the 
asymptotic freedom is then that hadronic matter, bound by the strong interactions, 
must undergo a phase transition to quark matter, when the hadronic matter gets 
extremely squeezed or heated up, at the critical temperature or the critical chemical 
' potential being of order of ^qcd, the characteristic scale of QCD. 

. The phase transition of QCD at finite temperature but at zero density has 

I been confirmed by lattice calculations to occur at temperature about 200 MeV.^^ 

' The lattice calculation of QCD at finite baryon density, however, has not made 

. much progress, since it suffers from the notorious sign problem. The Euclidean 

partition function of QCD at finite density, used for lattice simulations, does not 
have a positive-definite measure, because the determinant of the Dirac operator, 
M = + /^7|;, is no longer positive definite, when the chemical potential, fi, is 

present. 

There have been several attempts to overcome this difficulty at finite but small 
density by several methods.^)' At high density it was recently pointed out that 
the sign problem is due to the fast modes, quarks with energy much larger than 
the chemical potential, suggesting that the sign problem is either mild or absent for 
physics near the Fermi surface.^) 

While the lattice simulation struggles to overcome the sign problem, there have 
been much progress in understanding QCD at high baryon density (or dense QCD 
for short) from the theoretical side,^) using effective theories or models of dense 
QCD. The ground state of dense QCD is believed to be a color superconducting 
state, where quarks near the Fermi surface form Cooper pairs. Unlike the electron 
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superconductor, where the pairing is mediated by phonons, the Cooper-pairing in 
quark matter is due to the gluon exchange interaction, since quarks in antisymmetric 
in color are attractive to each other. Though the quark-antiquark channel is most 
attractive, it is costly to form quark-antiquark condensate since quarks in Dirac sea 
has to be excited above the Fermi sea. 

Recently, it is found that the color superconducting quark matter exhibits rather 
rich phases because quarks have several flavors with different masses, interacting 
electroweakly.^) One interesting phase is the so-called gaplcss color superconduct- 
ing state, where the Fermi sea is partially filled, though quarks do pair, allowing 
gapless excitation of quarks. However, it is soon pointed out that the gapless color 
superconductor has imaginary Meissner mass, indicating its instability. In this talk 
we discuss the high density effective theory of dense QCD and apply it to study the 
gapless color superconductivity and propose two resolutions of the instability of the 
gapless superconductor.^)' 



§2. High Density EfTective Theory 



The relevant degrees of freedom of dense QCD at low energy are quarks and 
holes near the Fermi surface together with screened gluons, since quarks deep in the 
Fermi sea and also antiquarks are decoupled from the low-energy dynamics due to 
Pauli blocking. The effective theory of quarks and holes in dense QCD is derived in 
references. 

Since the quark chemical potential in dense QCD is very large, fi Aqqb, the 
velocity of quarks and holes is conserved under a typical QCD interaction and thus 
we may decompose the momentum of quarks near the Fermi surface 

p^' = ^iv^" + 1'', (2-1) 

where the residual momentum |/^| < fi and v^^ = {0,vp) with Fermi velocity vp- The 
effective Lagrangian of quarks and holes is given as 

Cq = Z,^+ij, -DiP^-Zs. ^+7° ^^^^"^^^% + + • • • , (2-2) 

where D = d — igg A is the covariant derivative and 7,',' = (7*^, ■Op vp ■ l) = l'^ — 7±i 

i^+{vF,x) = l±|:^e-M">->(x), (2-3) 

with a = 7^7 and vp = vf/\vf\- We note that the effective theory enjoys a 
reparametrization invariance, 

i/^ i-H- -u^ -I- — , It-^l-Sl, (2-4) 

under which the Lagrangian (2-2) is invariant. The reparametrization invariance is 
quite useful when we calculate the loop corrections, since it restricts the form of 
counter terms. For instance the reparametrization invariance requires Z„ = Z±. 
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The Lagrangian for gluons contains in addition to the usual kinetic term the 
terms coming from the modes far away from the Fermi surface, 

= " l^'^^^'^aT + • • • > (2-5) 

where the Debye screening mass M2 = iV/c/,VV (27r^) for Nf flavors. *) The high 
density effective theory of dense QCD is then given as 

-Chdet = jOq+jCg- (2-6) 

It is important that one should include the Debye screening mass and also higher 
order terms in (2-5) to maintain the gauge invariance, since the Fermi surface is 
not gauge invariant and ip+ modes alone are not enough to maintain the gauge- 
invariance. Under a gauge transformation, U{x) = e**'^, the energy level shifts and 
so does the Fermi surface (see Fig. 1) 




Fig. 1. Spectral Flow. The circle denotes a Fermi surface. 



E = l-VF^ E = l-VF + q-VF- (2-7) 

Since the mode decomposition of quark fields into modes near the Fermi surface 
and modes far away from the Fermi surface is not gauge invariant, the effect of modes 
away from the Fermi surface should be added in the effective Lagrangian otherwise 
the gauge-invariance will be lost. Let's consider for instance the current-current 
correlation function, 

where e ^ 0"*". We see that the Debye mass term or g'^ in the parenthesis in Eq. (2-8) 
is essential for the current conservation and thus for the gauge invariance, 

p^m%p)=Q. (2-9) 



*' The ellipsis denotes terms with higher powers of gauge fields, which are known as hard-dense- 
loop Lagrangian. 
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§3. Positivity at asymptotic density 

For quarks very near the Fermi surface (E <C //) the Fermi surface is almost flat 
and one can show that there is a symmetry that pairs the eigenvalues of the Dirac 
operator: 

Meft = 7f • D{A) = 75 75 . (3-1) 

Since the eigenvalues of the Dirac operator is pure imaginary, i\ (A being real), the 
determinant of the Dirac operator is positive semi-definite: 

det Meft = det mJ^, = ^fj A^^ . (3-2) 

After integrating out the fast modes, the partition function for dense QCD becomes 

Z{n) = J dA detM^s{A)e-^-''^^\ (3-3) 
and the effective action is given as 

5eff (A) = / d'xE I If-.F-, + ^ E ^Im^V )+•••' (3-4) 



VF 



where the ellipsis denotes terms with higher powers of the gauge fields and also the 
terms coming from the higher order terms in the quark Lagrangian (2-2). 

We see that the measure of the partition function is positive definite if we do 
not keep the higher order terms in the effective action, allowing us to simulate on a 
lattice. One byproduct of the positivity at asymptotic density is that one can use 
the Vafa-Witten theorem^^^ to prove the Color-Flavor-Locked phase^^' is the true 
ground state at very high baryon density since the vector symmetry can not be 
spontaneously broken when the measure is positive. 

The size of the higher order terms can be estimated, using the naive dimensional 
analysis. Wc find the size of corrections to the leading terms to be at a scale A <^ /j, 
^ ^ . Therefore the sign problem of dense QCD is mild or absent if yl <C 27r// . 

§4. Application: New phases in gapless superfluids 

The color superconductivity has a rich phase structure due to stress on pairing 
quarks. Since quarks in dense matter pair with different flavors for spin-zero pairing, 

the flavor-dependent mass and the cicctroweak interaction among different flavors 
leads to the difi"crcncc in the chemical potential, 25fj,, between pairing quarks. 
If we solve the Cooper-pair gap equation for dense matter under stress, 

we find two branches of solutions (See Fig. 2): When A > Sjjl, A = Aq, the BCS 
phase, and when A < Sfj,, A = y^^oT2^/^^~"^o)) the Sarma phase. The BCS 




phase is unstable for 6^1 > Z\o/\/2, known as the Clogston instabihty:^'') When the 
stress is big enough, the Cooper pairs break. On the other hand, the Sarma phase 
is unstable for all values of Sfi in ^Aq < S/j. < Aq, for which the solution exists. 

Recently it was pointed out that the Sarma phase might be stable if one imposes 
the charge neutrality condition on quark matter,^) 



df2 



= 0. 



(4-2) 



where fiq is the electric charge chemical potential. (The charge neutrality has to be 
satisfied for quark matter inside of compact stars, otherwise too much energy will 
build up at the surface of quark matter, destabilizing whole system.) The free energy 
difference between the neutral Sarma phase and the neutral quark matter is found 
to be in the mean field approximation^^^ 



5Q\ 



Q=0 



\Q=0 



\Q=0 



1^ ^2 
2^ ('^^o) 



\2SiJ,o 



(4-3) 



where p, is the average chemical potential and 5//o is half of the chemical poten- 
tial difference of neutral, unpaired quark matter. The charge neutrality condition 
stabilizes the Sarma phase if 



(4-4) 



The energy dispersion relation of quarks in the Sarma phase is given as 

uip) = ±[Sti± Ve2(p) + Z\2) , (4-5) 



which is plotted in Fig. 3. At low energy the modes near the Fermi surface are 
relevant. The modes near the Fermi surface are gapless and have either quadratic 
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Fig. 3. The energy dispersion relation of quasi quarks and holes. The Fermi sea is partially filled, 
having inner and outer Fermi surfaces at pi and p2 ■ 



or linear dispersion relations, depending on the strength of the stress: 



r]Vi-l, if Vi-l 
Vi ■ I , if /i » 



< Sp 
Vi ■ I < 6fi 
Vi ■ I > 6fi , 



(4-6) 



where vi and V2 are the Fermi velocities of quarks near the Fermi surfaces, pi and 
P2, respectively. 

When 6fi ^ A or 6p ^ 0, the gapless modes are quadratic all the way down to 
the Fermi surface at p* — Pi — P2- After integrating out the irrelevant degrees of 
freedom, we get an effective Lagrangian for quadratic gapless modes, 



cff 



idt + 



2 6n 



(4-7) 



Under the scaling E ^ sE, the action S = J dtdH Ccs is invariant and we have 

l„ ^ s^'^ 4 V.-; (t, ^ ^"'^V.-: (t, • (4-8) 

The four Fermi-interaction is relevant for incoming fermions with opposite mo- 
menta *^ , regardless of the sign. 



(4-9) 



*•* If not opposite, the interaction is marginal. 
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The four-Fermi interaction generated by the quantum effects of the irrelevant modes 
will open a secondary gap at the Fermi surface, which is only power-suppressed in 
couplings,^^' 



As ~ 6.85 — M/^ 



(4-10) 

When the stress is large enough or the infrared cutoff for the quadratic modes 

1 



(4-11) 



the secondary gap does not open, because the RG running is not long enough. The 
system is then dominated by linearly gapless modes at w < ^quadratic- 

Integrating out all the modes except the linearly gapless modes, we get an effec- 
tive potential for the gauge fields with = {rjq+5q^ rjq vi) and V2 = i'nQ~^Qj ^79 ^2), 



In 



I rj 



In 



+ 3 



+ 3 



(4-12) 
(4-13) 



where v\ and 1^2 are the area of the inner and outer Fermi surfaces, respectively, and 
the electric charges of pairing quarks are q\ = q + Sq and q2 = q — Sq, upon imposing 
the renormalization conditions. 



1 



= —m 



D 5 



Ao=M 



The minimum of the potential occurs at 

2N 



Sfj, exp 



dAidAi 



2- 



4i/*v! 



(4-14) 



(4-15) 



We find that gapless superfluids are stabilized by spontaneously generating Nambu- 
Goldstone currents. One can further show that the Meissner mass for this phase is 
nonnegative but directional.^^ 



§5. Conclusions 



We have discussed an effective theory of dense QCD, called high density effective 
theory. The theory has a reparametrization invariance and the gauge invariance is 
maintained by counter terms. Furthermore the theory has a positive semi-definite 
measure at the leading order. Lattice simulation should be possible for high density 
quark matter. By the positivity at high density one can establish a rigorous theorem 
like the Vafa-Witten theorem. 

As an application of the effective theory, we study the gapless color supercon- 
ductivity, which occurs when the color superconductors are under stress. When the 
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stress is comparable to the gap, the gapless modes have a quadratic dispersion re- 
lation and open a secondary gap at the Fermi Surface, stabilizing the system. The 
secondary gap is only power suppressed in couplings due to peculiar scaling proper- 
ties of the quadratic gapless modes. When the stress is much larger than the gap, the 
relevant modes are linearly gapless modes. By calculating the Coleman- Weinberg 
potential for the gauge fields, we show that the gapless superfluids become stabilized 
by spontaneously generating Nambu-Goldstone currents. 



Acknowledgements 



The author thanks the organizers of YKIS2006 on "New Frontiers in QCD" 
for the invitation and the hospitality during his stay at the Yukawa Institute for 
Theoretical Physics at Kyoto University. The work of D. K. H. was supported for 
two years by Pusan National University Research Grant. 



References 

F. Karsch, E. Laermann, A. Peikert, C. Schmidt and S. Stickan, arXiv:hep-lat/0010027. 
Z. Fodor and S. D. Katz, Phys. Lett. B 534, 87 (2002); JHEP 0203, 014 (2002); C. R. All- 
ton et al, Phys. Rev. D 66, 074507 (2002); P. de Forcrand and O. Philipsen, Nucl. Phys. 
Proc. Suppl. 119, 535 (2003); M. D'Elia and M. P. Lombardo, Phys. Rev. D 67, 014505 
(2003). 

See also the talk by S. Hands in this proceedings, arXiv:hcp-lat/0703017. 

D. K. Hong and S. D. H. Hsu, Phys. Rev. D 66, 071501 (2002); D 68, 034011 (2003). 

For review, see K. Rajagopal and F. Wilczek, arXiv:hep-ph/0011333; D. K. Hong, Acta 

Phys. Polon. B 32, 1253 (2001); M. G. Alford, Ann. Rev. Nucl. Part. Sci. 51, 131 (2001); 

S. D. H. Hsu, arXiv:hep-ph/0003140; T. Schafer, arXiv:hep-ph/0304281; D. H. Rischke, 

Prog. Part. Nucl. Phys. 52, 197 (2004). 

S. B. Ruster, et al. Phys. Rev. D 72, 034004 (2005). 

I. Shovkovy and M. Huang, Phys. Lett. B 564, 205 (2003); M. Alford, C. Kouvaris and 
K. Rajagopal, Phys. Rev. Lett. 92, 222001 (2004). 

M. Huang and I. A. Shovkovy, Phys. Rev. D 70, 051501 (2004); R. Casalbuoni, R. Gatto, 
M. Mannarelli, G. Nardulh and M. Ruggieri, Phys. Lett. B 605, 362 (2005) [Erratum-ibid. 
B 615, 297 (2005)]; L Giannakis and H. C. Ren, Phys. Lett. B 611, 137 (2005). 
D. K. Hong, arXiv:hcp-ph/0506097. 

For other proposals, sec E. V. Gorbar, M. Hashimoto and V. A. Miransky, Phys. Lett. B 
632, 305 (2006); M. Huang, Phys. Rev. D 73, 045007 (2006); K. lida and K. Fukushima, 
Phys. Rev. D 74, 074020 (2006); S. Rcddy and G. Rupak, Phys. Rev. C 71, 025201 (2005). 
D. K. Hong, Phys. Lett. B 473, 118 (2000); Nucl. Phys. B 582, 451 (2000). 
For reviews on high density effective theory, see G. Nardulli, Riv. Nuovo Cim. 25N3, 1 
(2002) [arXiv:hep-ph/0202037]; D. K. Hong, Prog. Theor. Phys. Suppl. 153, 241 (2004) 
[arXiv:hep-ph/0401057]; T. Schafer, arXiv:hep-ph/0608240. 
T. Schafer, arXiv:nucl-th/0609075. 

C. Vafa and E. Wittcn, Nucl. Phys. B 234, 173 (1984). 

M. G. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B 537, 443 (1999) [arXiv:hep- 
ph/9804403]. 

G. Sarma, J. Phys. Chem. Solids 24, 1029 (1963). 

A. M. Clogston, Phys. Rev. Lett. 9. 266 (1962); B. S. Chandrasekhar, App. Phy. Lett. 1, 
7 (1962). 

D. K. Hong, to appear. 

M. Alford and Q. h. Wang, J. Phys. G 32, 63 (2006) [arXiv:hep-ph/0507269]. 



